The authors obtain some Wilker and Cusa type inequalities for generalized trigonometric and hyperbolic functions and generalize some known inequalities.
Introduction
It is well known from basic calculus that The inverse of arcsin p on [0,
In [2] , some classical inequalities for generalized trigonometric and hyperbolic functions, such as Mitrinović-Adamović inequality, Huygens' inequality, and Wilker's inequality, were generalized. In [3] , some new second Wilker type inequalities for generalized trigonometric and hyperbolic functions were established. In [4] , some Turán type inequalities for generalized trigonometric and hyperbolic functions were presented. Very recently, a conjecture posed in [5] was verified in [1] . For more about the Wilker type inequality and Huygens type inequalities, the reader may see [6] [7] [8] [9] [10] [11] [12] [13] .
In this paper, we establish some new Wilker and Cusa type inequalities for the generalized trigonometric and hyperbolic functions. Some known inequalities in [3] are the special cases of our results.
Lemmas
where the constants α = 
), we have
Proof Using Lemma 2.5 and
This implies inequality (2.7).
, the double inequality
holds for all x ∈ (0,
].
Main results
), p ∈ (1, ∞), and α -pβ ≤ 0, β > 0, we have
Proof From the arithmetic geometric means inequality and Lemma 2.1, it follows that ), and α -pβ ≤ 0, β ≤ -1, we have
Proof Using x sin p x ≥ 1 and α -pβ ≤ 0, we have
Applying Lemmas 2.2 and 2.3, we obtain
This completes the proof.
Using the same method as that in Theorem 3.1, we can easily obtain the following Theorem 3.3 by Lemma 2.1 and the arithmetic and geometric means inequality. We omit the proof for the sake of simplicity.
Theorem 3.3
For p ∈ (1, ∞), x ∈ (0, ∞), and α -pβ ≤ 0, β > 0, then
Remark 3.3 Taking α = 2, β = 1 and p = 2 in inequality (3.5), we have 6) which is the (4) in Theorem 1 of [7] . Inequality (3.6) is called the first hyperbolic Wilker inequality. ) and α -pβ ≤ 0, β > 0, we have Then it follows from Lemma 2.1 that
Remark 3.5 If n = 3 and a 1 = a 2 = ( by a similar method to that in Theorem 3.4 when changing the condition α -pβ ≤ 0 to 2α -pβ ≤ 0.
Theorem 3.5
For p ∈ [2, ∞), t > 0, and x ∈ (0,
(3.12)
Proof Applying the AGM inequality a + b ≥ 2 √ ab and Lemma 2.6 for a = (
t , we obtain
The proof is completed. 
